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Abstract
We show that if A1; A2; : : : ; An; B1; B2; : : : ; Bt are uniform objects of an abelian category C, then
A1⊕A2⊕· · ·⊕An and B1⊕B2⊕· · ·⊕Bt are in the same monogeny class if and only if n= t and
there is a permutation  of {1; 2; : : : ; n} such that Ai and B(i) are in the same monogeny class
for every i= 1; 2; : : : ; n. This is proved by showing that strong components of bipartite digraphs
with enough edges intersect the two independent sets of vertices of a bipartition of the digraph
in sets of the same cardinality. c© 2001 Elsevier Science B.V. All rights reserved.
MSC: 18E10; 16D70; 05C20
1. Introduction
The aim of this paper is to prove a theorem for abelian categories (Theorem 1.1)
that until now was not even known for modules over arbitrary rings, but only for
modules over commutative rings [10]. In proving our theorem we shall show the va-
lidity of a Krull–Schmidt Theorem for bipartite digraphs (= directed graphs) that is of
independent interest (Lemma 2.1).
If we de?ne a relation ∼s on the vertex set V of a digraph D = (V; E) by the rule
v ∼s w if there are both a path from v to w and a path from w to v, we obtain an
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equivalence relation on V whose equivalence classes are the vertex sets of the strong
components of D. We prove that if X and Y are disjoint sets of cardinality n and
m, respectively, V = X ∪ Y; D = D(X; Y ;E) is a bipartite digraph having X and Y
as disjoint sets of non-adjacent vertices and the cardinality of T is less or equal to
the cardinality of the out-neighborhood N+(T ) = {w∈V | (v; w)∈E for some v∈T}
for every subset T of V , then n = m and, after a suitable numbering of the elements
x1; : : : ; xn of X and y1; : : : ; yn of Y , xi ∼s yi for every i = 1; : : : ; n (Lemma 2.1). This
may be viewed as a Krull–Schmidt theorem for bipartite digraphs.
Now let C be an abelian category. We say that two objects A and B of C belong to
the same monogeny class if there are a monomorphism of A into B and a monomor-
phism of B into A (cf. [2]). In this case we write [A]m =[B]m. Dually, we say that two
objects A and B belong to the same epigeny class if there are an epimorphism of A onto
B and an epimorphism of B onto A, and in this case we write [A]e=[B]e. In an abelian
category the coproduct A1
∐
A2
∐ · · ·∐An and the product A1×A2×· · ·×An of ?nitely
many objects A1; A2; : : : ; An exist and are canonically isomorphic. Thus the coproduct
A1
∐
A2
∐
: : :
∐
An is called the biproduct of A1; A2; : : : ; An, denoted A1⊕A2⊕· · ·⊕An
(see [6, Section VIII:2]). We say that an object A of C is uniform if it is non-zero
and the intersection of any two non-zero subobjects of A is non-zero. Equivalently, an
object A is uniform if whenever f :A → A′ and g :A → A′′ are morphisms in C and
the product mapping (f; g) :A → A′ ⊕ A′′ is monic, at least one of the morphisms f
and g must be monic. Uniform objects are indecomposable.
The main result of this paper is the following uniqueness theorem of monogeny
classes for ?nite biproducts of uniform objects.
Theorem 1.1 (Krull–Schmidt Theorem for monogeny classes). Let A1; A2; : : : ; An; B1;
B2; : : : ; Bt be uniform objects of an abelian category C. Then [A1⊕A2⊕ · · · ⊕An]m =
[B1⊕B2⊕ · · · ⊕Bt]m if and only if n= t and there is a permutation  of {1; 2; : : : ; n}
such that [Ai]m = [B(i)]m for every i = 1; 2; : : : ; n.
An immediate application to the category Mod-R of all right modules over an arbi-
trary ring R is the following result, which was proved by Zanardo [10] in the case of
uniform modules over a commutative ring R.
Theorem 1.2. Let A1; A2; : : : ; An; B1; B2; : : : ; Bt be uniform right R-modules. Then [A1⊕
A2⊕ : : :⊕An]m = [B1⊕B2⊕ · · · ⊕Bt]m if and only if n= t and there is a permutation
 of {1; 2; : : : ; n} such that [Ai]m = [B(i)]m for every i = 1; 2; : : : ; n.
We say that a non-zero object A of an abelian category is couniform (or hollow) if
the sum of two proper subobjects of A is a proper subobject of A. Applying Theorem
1.1 to the opposite category of an abelian category C we get
Theorem 1.3 (Krull–Schmidt Theorem for epigeny classes). Let A1; A2; : : : ; An; B1;
B2; : : : ; Bt be couniform objects of an abelian category C. Then [A1 ⊕ A2 ⊕ · · · ⊕
An]e = [B1 ⊕ B2 ⊕ · · · ⊕ Bt]e if and only if n = t and there is a permutation  of
{1; 2; : : : ; n} such that [Ai]e = [B(i)]e for every i = 1; 2; : : : ; n.
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As a consequence of Theorems 1.1 and 1.3 we immediately get the only if impli-
cation in the statement of the following theorem, which was the main result of [2]. It
would be possible to show that both the implications of the statement can be proved for
arbitrary abelian categories as well. Recall that a module is biuniform if it is uniform
and couniform.
Theorem 1.4 (Weak Krull–Schmidt Theorem for biuniform modules [2, Theorem 1:9;
3, Theorem 9:13]). Let A1; A2; : : : ; An; B1; B2; : : : ; Bt be biuniform right R-modules.
Then the direct sums A1 ⊕ A2 ⊕ · · · ⊕ An and B1 ⊕ B2 ⊕ · · · ⊕ Bt are isomorphic
if and only if n = t and there are two permutations ;  of {1; 2; : : : ; n} such that
[Ai]m = [B(i)]m and [Ai]e = [B(i)]e for every i = 1; 2; : : : ; n.
Another consequence of Theorems 1.2, 1.3 and 1.4 is the next corollary, which was
previously known in the case n= t=1 only (see [2, Proposition 1:6; 3, Theorem 9:3]).
Corollary 1.5. Let A1; A2; : : : ; An; B1; B2; : : : ; Bt be biuniform right R-modules. Then
A1 ⊕ A2 ⊕ · · · ⊕ An ∼= B1 ⊕ B2 ⊕ · · · ⊕ Bt if and only if [A1 ⊕ A2 ⊕ · · · ⊕ An]m = [B1 ⊕
B2 ⊕ · · · ⊕ Bt]m and [A1 ⊕ A2 ⊕ · · · ⊕ An]e = [B1 ⊕ B2 ⊕ · · · ⊕ Bt]e.
The last part of the paper is devoted to showing that Theorems 1.2, 1.3 and Corol-
lary 1.5 cannot be extended to in?nite direct sums of uniform or couniform modules
(Example 3.1) and that these results cannot be extended to (?nite) direct sums of
indecomposable modules of ?nite Goldie dimension or ?nite dual Goldie dimension
(Example 3.2). Finally, we conclude with some remarks about how our result applies
to some abelian categories obtained suitably modifying the category of modules.
All modules are unitary right modules over an arbitrary associative ring R with
identity. We denote by |T | the cardinality of any set T .
2. Proof of the main theorem
Let X and Y be ?nite disjoint sets. We shall denote by D(X; Y ;E) the bipartite
digraph having X and Y as disjoint sets of non-adjacent vertices and E as set of
edges. That is, V =X ∪Y is the vertex set of D(X; Y ;E); E ⊆ X ×Y ∪Y ×X is the set
of its edges, and X ∩ Y = ∅. For every subset T ⊆ V let N+(T ) = {w∈V | (v; w)∈E
for some v∈T} be the out-neighborhood of T . De?ne an equivalence relation ∼s on
V by v ∼s w if there are both a path from v to w and a path from w to v (v; w∈V ).
The equivalence classes modulo ∼s are the vertex sets of the strong components of the
digraph, that is, the maximal strongly connected subgraphs of the digraph D(X; Y ;E).
Lemma 2.1 (Krull–Schmidt Theorem for bipartite digraphs). Let X and Y be disjoint
sets of cardinality n and m; respectively; let V = X ∪ Y ; and let D = D(X; Y ;E)
be a bipartite digraph having X and Y as disjoint sets of non-adjacent vertices. If
|T |6 |N+(T )| for every subset T of V; then n = m and; after a suitable numbering
of the elements x1; : : : ; xn of X and y1; : : : ; yn of Y; xi ∼s yi for every i = 1; : : : ; n.
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Notice that |T |6 |N+(T )| for every subset T of V if and only if |T ′|6 |N+(T ′)|
for every subset T ′ of X and |T ′′|6 |N+(T ′′)| for every subset T ′′ of Y .
Proof. Since |X |6 |N+(X )|6 |Y | and |Y |6 |N+(Y )|6 |X |; we get that n = |X | =
|Y |= m; and we must number the sets X = {x1; x2; : : : ; xn} and Y = {y1; y2; : : : ; yn} in
such a way that xi ∼s yi for every i = 1; 2; : : : ; n.
Consider the bipartite digraph D′ =D(X; Y ;E ∩ X × Y ). By Hall’s Theorem (see [9,
Theorem 3:1:11]), the digraph D′ has a perfect matching, that is, there exists a subset
E′ of E ∩ X × Y such that for every x∈X there is exactly one edge in E′ with tail
x and for every y∈Y there is exactly one edge in E′ with head y. Similarly, there
exists a subset E′′ of E ∩ Y × X such that for every y∈Y there is exactly one edge
in E′′ with tail y and for every x∈X there is exactly one edge in E′′ with head x.
Thus the bipartite digraph D0 = D(X; Y ;E′ ∪ E′′) is a digraph with 2n vertices and
2n edges in which every vertex has outdegree one and indegree one. This means that
D0 is the functional digraph of a bijection f :V → V with f(v) = v for every v∈V ,
that is, a permutation of V that leaves no point ?xed. Therefore D0 is a disjoint union
of directed cycles C1; : : : ; Ct . Each of these directed cycles Cj passes through an even
number of vertices of V , and it passes through the same number of vertices of X and
vertices of Y . Therefore we may number the elements x1; : : : ; xn of X and y1; : : : ; yn
of Y in such a way that for every i=1; : : : ; n there exists one of these directed cycles
Cj that passes through both xi and yi. Since the edges of the cycles Cj are edges of
D, it follows that xi ∼s yi as desired.
A partial converse of Lemma 2.1 holds as well:
Proposition 2.2. Let X ={x1; x2; : : : ; xn} and Y ={y1; y2; : : : ; yn} be 9nite disjoint sets
of the same cardinality; let V = X ∪ Y ; and let D=D(X; Y ;E) be a bipartite digraph
having X and Y as disjoint sets of non-adjacent vertices. Suppose that
(a) xi ∼s yi for every i = 1; 2; : : : ; n;
(b) if v1; v2; v3; v4 ∈V and (v1; v2); (v2; v3); (v3; v4)∈E; then (v1; v4)∈E.
Then |T |6 |N+(T )| for every subset T of V.
Proof. If T ⊆ X and xi ∈T ; then xi ∼s yi by (a); so that there is a path of odd length
from xi to yi. Thus yi ∈N+(T ) by (b). This shows that |T |6 |N+(T )|.
We are ready to apply bipartite graphs to abelian categories, but ?rst we need a
further result about biproducts of uniform objects.
Lemma 2.3. Let A1; A2; : : : ; An be non-zero objects of an abelian category C and let
B1; B2; : : : ; Bt be uniform objects of C. If there is a monomorphism : A1⊕A2⊕ · · ·⊕
An → B1 ⊕ B2 ⊕ · · · ⊕ Bt; then n6 t.
Proof. Let L=L(B1⊕B2⊕· · ·⊕Bt) be the class of all subobjects of B1⊕B2⊕· · ·⊕Bt .
The class L satis?es the axioms of modular lattices [7; Exercise 2:6:5] (apart from
the fact that it could be a proper class and not a set). Let i :Ai → A1 ⊕ A2 ⊕ · · · ⊕ An
and ′j :Bj → B1 ⊕ B2 ⊕ · · · ⊕ Bt be the canonical monomorphisms; and let L be the
sublattice of L generated by the images of the n + t morphisms i (i = 1; 2; : : : ; n)
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and ′j (j = 1; 2; : : : ; t). Then L is a countable modular lattice. Let P({1; 2; : : : ; n})
denote the lattice of all subsets of the set {1; 2; : : : ; n}. The morphism  induces a
lattice embedding ˜ :P({1; 2; : : : ; n}) → L de?ned by ˜(S) = ∨i∈S im(i) for every
S ⊆ {1; 2; : : : ; n}. Now L is a modular lattice of Goldie dimension t [3; Section 2:6]
and the ˜({i}) (i = 1; 2; : : : ; n) form a join-independent subset of cardinality n of L.
Therefore n6 t.
Proof of Theorem 1.1. One implication is trivial.
For the converse, let A1; A2; : : : ; An; B1; B2; : : : ; Bt be uniform objects of the category
C and assume that [A1⊕A2⊕· · ·⊕An]m =[B1⊕B2⊕· · ·⊕Bt]m, so that there exist two
monomorphisms  :A1⊕A2⊕· · ·⊕An → B1⊕B2⊕· · ·⊕Bt and  :B1⊕B2⊕· · ·⊕Bt →
A1 ⊕ A2 ⊕ · · · ⊕ An. Let i :Ai → A1 ⊕ A2 ⊕ · · · ⊕ An and !i :A1 ⊕ A2 ⊕ · · · ⊕ An → Ai
be the structural morphisms, that is, the morphisms such that
∑n
i=1 i!i is the identity
morphism of A1 ⊕ A2 ⊕ · · · ⊕ An, !ik = 0 for i = k, and !ii is the identity morphism
of Ai. Similarly, let ′j :Bj → B1 ⊕ B2 ⊕ · · · ⊕ Bt and !′j :B1 ⊕ B2 ⊕ · · · ⊕ Bt → Bj be
the structural morphisms for the biproduct B1⊕B2⊕· · ·⊕Bt . Let ’i;j=!′ji :Ai → Bj
and ’′j; i = !i 
′
j :Bj → Ai be the composite morphisms. Let D = D(X; Y ;E) be the
bipartite digraph having X = {A1; A2; : : : ; An} and Y = {B1; B2; : : : ; Bt} as disjoint sets
of non-adjacent vertices, one edge from Ai to Bj for each i and j with ’i;j monic, and
one edge from Bj to Ai for each i and j with ’′j; i monic.
In order to prove that the hypothesis of Lemma 2.1 holds, we can suppose that
T ⊆ X by symmetry. If m = |T | and r = |N+(T )|, relabeling the indices we may
suppose that T = {A1; A2; : : : ; Am} and N+(T ) = {B1; B2; : : : ; Br}. Thus the morphisms
’i;j are not monic for every i = 1; 2; : : : ; m and every j = r + 1; r + 2; : : : ; t. Since the
objects Ai are uniform, we have that
⋂t
j=r+1 ker’i;j =0 for every i = 1; 2; : : : ; m. Set
Ki =
⋂t
j=r+1 ker’i;j, so that the objects Ki; i = 1; 2; : : : ; m, are all non-zero. As every
Ki is a subobject of Ai, there is a canonical monomorphism  :
⊕m
i=1 Ki →
⊕n
k=1 Ak .
Now for every i=1; 2; : : : ; m and every j=r+1; r+2; : : : ; t, the composite morphism
Ki → Ai i→
n⊕
k=1
Ak
→
t⊕
‘=1
B‘
!′j→Bj
is zero because Ki ⊆ ker’i;j = ker(!′ji). Thus the image of the composite morphism
Ki → Ai i→
n⊕
k=1
Ak
→
t⊕
‘=1
B‘
is contained in the kernel of !′j for every j = r + 1; r + 2; : : : ; t. Since
⋂t
j=r+1 ker !
′
j =⊕r
j=1 Bj, it follows that there is a morphism Ki →
⊕r
j=1 Bj for which the diagram
Ki −−−−−→
r⊕
j=1
Bj

n⊕
k=1
Ak
−−−−−→
t⊕
‘=1
B‘
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is commutative. By the universal property of coproducts, there is a morphism
′ :
m⊕
i=1
Ki →
r⊕
j=1
Bj
for which the diagram
m⊕
i=1
Ki
′−−→
r⊕
j=1
Bj



n⊕
k=1
Ak
−−→
t⊕
‘=1
B‘
is commutative. Here the vertical arrows denote the canonical monomorphisms, so that
′ is necessarily a monomorphism. From Lemma 2.3 it follows that m6 r, that is,
|T |6 |N+(T )|. This shows that the hypothesis of Lemma 2.1 holds. To conclude it
suQces to remark that two objects equivalent modulo the equivalence relation ∼s are
in the same monogeny class.
3. Applications and examples
3.1. Applications and examples in the category of right modules
In the introduction we have already presented some applications of Theorem 1.1 to
the category Mod-R of all right modules over a ring R and its opposite category. Now
we give an example that shows that Theorems 1.2 and 1.3 and Corollary 1.5 cannot
be extended to in9nite direct sums. Recall that a module M is uniserial if for any
submodules A and B of M we have A ⊆ B or B ⊆ A. Non-zero uniserial modules are
biuniform.
Example 3.1. Let N be the set of non-negative integers. Let MR be a uniserial right
R-module; and suppose that 0 = M0 ⊂ M1 ⊂ M2 ⊂ · · · ⊂ M∞ = MR are all the
submodules of MR; so that the lattice L(MR) of all the submodules of MR is isomorphic
to N∪{+∞}. Consider the two families {Ai | i∈N}; {Bi | i∈N} of uniform R-modules
for which Ai =M2i and Bi =M2i+1 for every i∈N. As Ai ⊆ Bi for every i∈N; there
is a monomorphism
⊕
i∈N Ai →
⊕
i∈N Bi. Since Bi ⊆ Ai+1 for every i∈N; there
is a monomorphism
⊕
i∈N Bi →
⊕
i∈N Ai; so that [
⊕
i∈N Ai]m = [
⊕
i∈N Bi]m. As
two modules of ?nite length are in the same monogeny class if and only if they are
isomorphic; we have that [Ai]m = [Bj]m for every i; j∈N. Hence; not only are there no
bijections between the monogeny classes of the families {Ai | i∈N} and {Bi | i∈N};
but also no monogeny class of the family {Ai | i∈N} is equal to any monogeny class
of the family {Bi | i∈N}. This shows that Theorem 1.2 cannot be extended to in?nite
families of uniform modules.
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Notice that in this example we can even have uniserial modules of 9nite length over
a commutative ring, which may be Z or a DVR (it suQces to take for MR the PrRufer
group Zp∞ or the R-module Q=R, where R is a DVR with ?eld of fractions Q).
Now suppose that in MR we also have that Mi=M1 ∼= Mi−1 for every i¿ 1 (this holds
in the case MR=Zp∞ or MR=Q=R). There are epimorphisms Ai=M2i → Bi−1 =M2i−1
for every i¿ 1, so that there is an epimorphism
⊕
i∈N Ai →
⊕
i∈N Bi. Since there
are epimorphisms Bi = M2i+1 → Ai = M2i for every i∈N, there is an epimorphism⊕
i∈N Bi →
⊕
i∈N Ai as well, and thus [
⊕
i∈N Ai]e=[
⊕
i∈N Bi]e. Again, two modules
of ?nite length are in the same epigeny class if and only if they are isomorphic, so
that [Ai]e = [Bj]e for every i; j∈N. Hence no epigeny class of the family {Ai | i∈N}
is equal to any epigeny class of the family {Bi | i∈N}. Thus Theorem 1.3 also cannot
be extended to in?nite families of couniform modules.
By [1, Theorem 4:8] the two direct sums
⊕
i∈N Ai and
⊕
i∈N Bi are not isomorphic,
which proves that Corollary 1.5 also cannot be extended to in?nite families of uniserial
modules.
Example 3.2. Theorem 1.2 cannot be extended from the case of uniform modules
to the case of indecomposable modules of ?nite Goldie dimension. That is; there
exist indecomposable modules A1; A2; B1; B2 of ?nite Goldie dimension with [A1 ⊕
A2]m = [B1 ⊕ B2]m and [Ai]m = [Bj]m for every i; j = 1; 2. For this; it is suQcient
to take four indecomposable; pairwise nonisomorphic; artinian modules A1; A2; B1; B2
with A1 ⊕ A2 ∼= B1 ⊕ B2 (see [4; Example 1:7]). Notice that if A and B are two
artinian modules in the same monogeny class and  :A → B;  :B → A are two
monomorphisms; then   and  are injective endomorphisms; hence they are automor-
phisms of A and B; respectively. It follows that  and  are isomorphisms; so that A ∼=
B. Thus; two artinian modules are in the same monogeny class if and only if they are
isomorphic.
Also notice that for every integer n¿ 2 there exists a module M of ?nite Goldie
dimension that is the direct sum M=Ai;1⊕Ai;2⊕· · ·⊕Ai; i of i indecomposable modules
Ai;1; Ai;2; : : : ; Ai; i for every i=2; 3; : : : ; n. In this case also the module M can be chosen
artinian [4, Example 1:6].
Similar examples of indecomposable ?nitely generated modules over suitable com-
mutative semilocal noetherian rings [3, Examples 8:8 and 8:10] show that Theorem
1.3 cannot be extended to the case of indecomposable modules of ?nite dual Goldie
dimension.
3.2. Applications to further abelian categories
Let R be a ring, Mod-R the category of all right R-modules, R-Mod the category of
all left R-modules, and RFP the full subcategory of R-Mod whose objects are the ?nitely
presented left R-modules. Let C=(RFP;Ab) be the category of all additive functors from
RFP to the category Ab of abelian groups. The category C is a Grothendieck category
whose injective objects are the objects isomorphic to the functors M ⊗R −:RFP→ Ab
in which MR is an arbitrary pure-injective right R-module [3, Section 1:6]. If A; B are
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right R-modules, we write [A]pm = [B]pm if there are both a pure monomorphism of A
into B and a pure monomorphism of B into A. Theorem 1.1 applied to the category C
yields the following result:
Theorem 3.3. Let A1; A2; : : : ; An; B1; B2; : : : ; Bt be right R-modules and suppose that
their pure-injective envelopes are indecomposable. Then
[A1 ⊕ A2 ⊕ · · · ⊕ An]pm = [B1 ⊕ B2 ⊕ · · · ⊕ Bt]pm
if and only if n = t and there is a permutation  of {1; 2; : : : ; n} such that [Ai]pm =
[B(i)]pm for every i = 1; 2; : : : ; n.
Another abelian category that has played an important role in the study of torsion-free
abelian groups of ?nite rank is the quotient category Ab=B, where Ab is the category
of all abelian groups and B is the class of all bounded abelian groups. Essentially, an
interesting result due to JSonsson [5] says that if the notion of isomorphism is replaced
by quasi-isomorphism, then one has a Krull–Schmidt Theorem for torsion-free abelian
groups of ?nite rank. Later, Walker [8] showed that two torsion-free abelian groups
are quasi-isomorphic if and only if they are isomorphic in the quotient category Ab=B.
Every subobject of an object G of Ab=B can be represented by a subgroup H of G.
Since the canonical functor J :Ab→ Ab=B is additive and exact, if H;H ′ are subgroups
of an abelian group G, then the intersection of H and H ′ in Ab coincides with the
intersection of H and H ′ in Ab=B. Thus an abelian group G is a uniform object in
Ab=B if and only if it is not bounded and for every subgroup H;H ′ of G, H ∩ H ′
bounded implies that either H is bounded or H ′ is bounded. A closer examination
shows that an abelian group G is a uniform object in the category Ab=B if and only
if it is isomorphic to Zp∞ ⊕ T or F ⊕ T for some prime p, some bounded group T
and some torsion-free group F of rank 1.
Another application of our result is the proof that the Krull–Schmidt Theorem holds
for direct sums of uniform artinian modules:
Proposition 3.4 (3, Theorem 2:18). Let A1; A2; : : : ; An; B1; B2; : : : ; Bt be uniform artinian
modules. Then A1 ⊕ A2 ⊕ · · · ⊕ An ∼= B1 ⊕ B2 ⊕ · · · ⊕ Bt if and only if n= t and there
is a permutation  of {1; 2; : : : ; n} such that Ai ∼= B(i) for every i = 1; 2; : : : ; n.
If we remark, as we have done in Example 3:2, that two artinian modules are in
the same monogeny class if and only if they are isomorphic and apply Theorem 1.2,
we get an immediate proof of Proposition 3.4. The standard proof of Proposition 3.4
(see [3, Theorom 2:18]) shows that uniform artinian modules have local endomorphism
rings, so that it is possible to apply the classical Krull–Schmidt–Azumaya Theorem.
The dual of Proposition 3.4 for couniform noetherian modules holds as well, and can
be treated in the same way [3, Theorem 2:19]. Notice, as we have already remarked in
Example 3.2, that the Krull–Schmidt Theorem does not hold for direct sums of artinian
indecomposable modules [4].
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